The coupled hydrodynamic equations governing equatorial flows applicable to inviscid disc accretion in the Schwarzschild metric are solved analytically and numerically. Here, we concentrate on the transonic solutions, that represent physically allowed accretion on to black holes. A polytropic equation linking gas pressure and density is assumed, and solutions are obtained for different conditions, such as isothermal and adiabatic gas flows. The dependence of those solutions on the angular momentum is explored. Under certain conditions, when there exist multiple possible sonic points, the numerical simulation automatically zeros in to the unique transonic solution passing through one of the sonic points.
INTRODUCTION
Accretion discs around black holes are generally postulated as the energy source of active galactic nuclei (AGN) and galactic X-ray sources, such as Cygnus X-1 (Ling et al. 1987) and the galactic source 1E 1740.7-2942 (Sunyaev et al. 1991) . Ever since the seminal paper on standard alpha-disc theory by Shakura & Sunyaev (1973) , accretion disc theory has been applied to a variety of high-energy sources. Although the standard a-disc model predicts that discs would become radiation-pressure-dominated near the black hole, such disc regions become unstable to thermal and secular perturbations (Lightman & Eardley 197 4 ) . Shapiro, Lightman & Eardley (1976) in turn proposed that twotemperature ion, pressure-dominated regions would form near the black hole. Such regions have been postulated by Eilek & Kafatos (1983) , and more recently by Becker & Kafatos ( 1994 ) , as the sources of high-energy radiation, including y-rays in the range 1 Me V-1 Ge V, from such sources as the quasar 3C 279 (Hartman et al. 1992) .
The basic reason why an accretion disc around a compact object is likely to form is that the accreting gas has rather high specific angular momentum, and so cannot accrete directly on to the black hole (Shakura & Sunyaev 1973; Kafatos 1988; Frank, King & Raine 1992) . For a given angular momentum, a circular orbit has least energy, so that dissipation processes would tend to circularize the orbits of particles. Although circular Keplerian orbits are expected to be the rule, deviations may take place near the black hole.
Accretion on to black holes may not actually follow the usual steady inflow process assumed in a-discs. Accretion on to black holes may always be a transonic phenomenon, with the transonic radius close to the black hole if the accretion occurs in a thin-disc configuration (Liang & Thompson 1980; Abramowicz & Zurek 1981; Abramowicz & Kato 1989) .
The existence of critical points (sonic points where the inflow velocity equals the sound speed) in the flows on to black holes has been investigated by a variety of authors under different conditions. The existence of critical points in spherical, steady-state, optically thick accretion on to black holes was investigated by Flammang (1982) . Adiabatic flows and the resultant transonic solutions in Schwarzschild metric were investigated by Lu (1985) , and the more general problem of finding sonic surfaces in adiabatic flows in a stationary axisymmetric space-time was investigated by Anderson (1989) . Analytic solutions, however, are generally not obtainable, and also have not been compared to numerical solutions in previous works.
As a first step, we have developed the relativistically correct continuity and Euler's equations in the Schwarzschild metric, ignoring viscosity terms. Viscous effects would, of course, need to be included in a realistic scenario of accretion. However, because, after 20 years of work by many people, the origin of viscosity still eludes us, and because we are interested in comparing numerical solutions with analytic solutions, the simplest possible case is justified as a first step. In an infinitesimally thin disc, or for motion near the equatorial plane, the fluid equations assume particularly simple forms in the radial and azimuthal directions. Here, we present the results for the resulting flows, assuming that a polytropic relationship holds between the gas pressure and density. By assuming a polytropic equation, we can treat the whole problem without the need to include the energy balance equation. Radiation processes would, of course, need to be considered in a realistic scenario of accretion flows (cf. Thorne 1981; Thorne, Flammang & Zytkow 19 81 ) , particularly if the flow is optically thick, in which case radiative transfer would need to be included. If the flows near the horizon result in optically thin conditions, as Shapiro, Lightman & Eardley ( 197 6) assumed, the inclusion of relativistic radiative transfer is not necessary in a first approximation. Finally, we are ignoring the effects of production of electron-positron pairs (Liang 1979; Svensson 1984; Kusunose & Takahara 1985) . Such effects are discussed elsewhere (Becker & Kafatos 1994 ) .
In the following sections, the one-dimensional fully relativistic hydrodynamic equations for inviscid flows are given first. Then, the analytical and numerical solutions to the governing equations are discussed. The emphasis of this work is on the velocity fields (profiles), and on variations of the important properties, such as the locations of sonic points and accretion rates, with angular momentum. A special case with multiple possible sonic points is also studied.
In subsequent papers we will examine the possibility of shocks, motions off the orbital plane for which u 8 "" 0, and flows in the full Kerr metric.
THE GOVERNING EQUATIONS AND THE METHODS FOR SOLUTIONS

Equations and parameters
The problem we consider here is steady gas accretion on to black holes, taking into account the relativistic fluid equations written in spherical coordinates. For steady flows along the equatorial plane applicable to a thin disc, the four-velocity ( u', u 8 , u; and u 1 ) in the Schwarzschild metric has only two independent components, u' and u;. The only independent variable is the radial distance from the black hole r, since the azimuthal and time dependences are dropped due to the symmetry and steady-flow assumptions; moreover, the angle f) is limited to a given constant value, and we take here f)= rc/2 at the equatorial (or, more appropriately, disc) plane. The basic coupled fluid equations in this case are written as
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Instead of using the energy equation, we assume a gas-dominated pressure p, and a polytropic relation
p=KnY=nk(T.+ TJ (4)
In the above, w = e + p, and is the enthalpy per unit volume;
e=nk (A..T.+A.iTi)+n(mv+m.) c 2 , and is the proper internal energy density (Shapiro 1973 (Shapiro , 1974 ; Ti and T. are the temperatures of ions and electrons, respectively, and n = ni = n. is the particle number density for a fully ionized pure hydrogen gas. The constants mv and m. denote the rest masses of protons and electrons, and k, c and G used below have the same meaning as commonly used in the literature. Here, the assumption is made that the increase of the mass of the black hole, M, due to the accretion process itself, can be ignored; the parameter M, therefore, is a constant. kT.
--'z<<1, mPc
The (1/w)(dpfdr) term in the above equations can be reduced and expressed in terms of u' only. Therefore the ordinary differential equations (ODEs) describing u' and u;, respectively, can be written in u' and u; only. We can then make the two resultant equations dimensionless by choosing rg= GM/c 2 and cas the length and velocity scales. Defining the dimensionless quantities X=r/rg, u =u'fc and v= u;rfc, we obtain the dimensionless equations
where the numerator N in (5) has the form
and the denominator D is
The parameter B, defined as (dpfdn)(nfw), which equals the square of the local sound speed, is obtained as
where Here, we will consider the case with T. « Ti ('hot' disc) , and the case with T.= Ti and A..=A.i ('cool' disc •. In the isothermal situation, the temperature is constant, and therefore the sound speed ( JB) is constant.
Equations (5) and (6) describe the steady inviscid gas accretion on to a black hole. The emphasis of this work is to solve these equations in order to investigate the effects of the angular momentum of the accreting gas. To find the solutions to the governing equations, one needs to determine the parameters in the equations and to provide suitable conditions. Since we are handling ODEs here, we need only specify the boundary conditions at a certain location, say X 0 • At X 0 , we should fix u0, v 0 and ( T. + Ti)o to integrate the governing equations. According to the values of the temperature, we will consider hot discs, (T.+Ti) 0 -10 13 K, A 0 =1, and 'cooler' discs, ( T. + Ti)o « 10 13 K, A 0 « 1. The value of the parameter A. is either 3 for hot discs or 3/2 for cool discs. We will consider two polytropic processes: the isothermal case, in which y = 1, and the adiabatic case, in which y =(A.+ 1 )/A..
From the continuity equation and the polytropic relation, and knowing the velocity distribution, one may find the other state variables, namely temperature, density and pressure, by the relations and ( u0X~)r p=po uX2 , when (T.+ Ti) 0 , n 0 and p 0 , the corresponding boundary values at X 0 , are specified. In fact, the temperature-velocity relation gives us the relation between A and a constant parameter A 0 , the value of A at X 0 , which is used to evaluate the parameter B in the problem. It is noted that the values of pressure and density at a location far away from the black hole, p 0 and n 0 , do not affect the flow. They are related to each other for a given temperature, which in tum affects the flow through the parameter A 0 •
Exact solutions and numerical method
The exact solutions to equations (5) and (6) can be found analytically. In the isothermal case ( y = 1 ), the solution is
and v= VoXo ( uX22)I/(I+!.+co). X u0X 0 (13)
If y 'i' 1, which includes the adiabatic perfect gas case, y = 5/3 for a non-relativistic gas, the solution is (14) and (15) where 1
When v 0 = 0, the above solutions reduce to the radial relativistic accretion flows (cf. Shapiro & Teukolsky 1983) . Actually, the exact solutions (12), (13), (14) and (15) where s 2 = 1-2/X. It is very easy to understand the above equation by using proper measurements. In the proper frame, the angular velocity is (18) and the proper distance KP=X/JI -2/X. Therefore one may write l =Xr vP =constant, which is simply the law of conservation of angular momentum per unit mass in the proper frame.
With the help of l, the exact solutions (12) and (14) 
for the adiabatic case.
From the above discussion, we find that l can be considered as another parameter, and v can be calculated from u and l by algebraic equations. It is found that, according to equation ( 17),
(21) Therefore we only have one ODE to be solved. To put it in another way, one may easily calculate the azimuthal velocity according to equation (21) when u is known. Only the equation governing u needs to be solved to find all the solutions.
Although the closed forms of the solutions have been obtained, the majority of the work that follows relies on obtaining numerical solutions. First, the exact solutions (12) and ( 14) only give the implicit relation between u and X, and no explicit function u(X) can be found. Therefore, for given boundary conditions and parameters, the exact solution u(X) can be obtained only through numerical solutions of the algebraic equations (12) and (14). Actually, when a solution in a certain range of X is needed, the numerical integration of the ordinary equations may be more economical than the numerical algebraic solution based on the exact solution formula. Secondly, this work is the first part of a series of papers addressing accretion problems including viscosity and 0-dependence, for which a closed form of the solution is very unlikely to be found, or even to exist, and therefore the numerical integration of the basic equations becomes essential. For these various reasons, the solutions to equation (5) are mainly obtained by numerical integrations. However, the analytical results (or numerical solution of algebraic equations 12 and 14) are used to provide comparison with the numerical solution (or numerical integration of the governing equations). They also provide us with guidance in choosing appropriate parameters and boundary conditions.
To carry out the numerical simulation, one first needs to determine a computational domain. For the accretion flow far away from the black hole, gravity is weak and the velocity is low, and therefore the relativistic effects can be ignored. The steady solution for the resultant Newtonian flow is p =p"" n =n,,., (Te + TJ= T"" u = C1/X 2 and v= C2/X, where C1 and C 2 are constants. The asymptotic solutions are useful in determining the boundary locations. We choose our boundary position at X 0 as long as the condition is satisfied, where 1\ is a given small number (say -1 per cent). For most of the cases, we integrate the governing equation from X 0 to X= 2, the location of the event horizon for the Schwarzschild metric.
Flow pattern and sonic point
Since equation (5) is of the form N/D, the signs of Nand D determine the sign of dufdX. As a result, they control whether u grows or decays with X. 
N>O.
Before discussing acceptable solutions, one should establish what kind of solution is physically expected. For gas accretion on to black holes, far away from the black hole, the accretion velocity should be small, i.e. u « 1 as X-oo. Near the black hole, the accretion velocity is comparable to the speed of light, therefore u -1 when X-2.
In region III, D never changes sign (D < 0) but N does. As X decreases, u first increases, when N> 0, and then decreases, when N < 0. The u-solutions in this region yield u « 1, both far away from and near the black hole. Similarly, in region IV, the values of u change from asymptotically large values far away, say u ~ 0.5, to other large values near the event horizon ( u -1 ). The solutions in region III are unphysical because they would represent a zero velocity at X= 2 (wind-like solutions which cannot occur at the Schwarzschild boundary). Solutions in region IV are physical but they represent very high velocities at the outer boundary point, X-oo, and are therefore unlikely to occur in nature. In regions V and VI, there exist points such that D = 0, N of 0. At these points, the values du/dX are infinite. They are singular points, and the solutions are therefore unphysical.
There are two special solutions, represented by the curves labelled I and II. Both solutions pass the critical point at which D = 0 and N = 0. Since both D and N are zero there, the limits of dufdX may be finite. When D = 0, u1~o = Bs 2 / (1-B). If we measure the radial velocity in a corotating frame, the value is
s +u (22) Putting uD~o in, we obtain u1~o =B. The radial velocity measured in the corotating frame equals the sound speed when D = 0. We can also show that u 2 > B when D> 0, and u 2 < B when D < 0. Therefore the flow with D > 0 represents supersonic flow, the flow with D < 0 represents subsonic flow, the critical point represents the sonic point and the two special solutions (I and II) represent transonic solutions. As X decreases from an asymptotically large value to X= 2, curve II is a solution from supersonic to subsonic. The values of u are, correspondingly, large far away and small near the black hole, and would correspond to a wind, and therefore unphysical, solution for accretion on to a black hole. The other transonic solution, represented by curve I, is a solution from subsonic to supersonic. The values of u are small at large X, and large (near unity) as X approaches 2. This is exactly the unique solution representing gas accretion on to the central black hole.
We now focus on the physical transonic solution represented by curve I. As shown in Fig. 1 , for a given set of parameters A, y, A 0 and l, there is only one value of u 0 from which the expected transonic solution may be obtained. Therefore a search is needed to find this particular solution. The exact analytical solution can be used to guide this search. Given the values of other parameters and X 0 , the initial condition u 0 , from which the transonic solution can be obtained, and the sonic point position Xs can be calculated through the analyti- cal solution and conditions D = N = 0. This process also provides a verification method for the overall numerical solutions.
The sonic points may not be unique in the accretion flows (Abramowicz & Zurek 1981; Lu 1985) . Lu (1985) has shown that, for adiabatic flow with A= 3, there is nonuniqueness when the specific enthalpy at infinity H is less than the critical value Hcrit"' 1.02. For the adiabatic hot-disc flow discussed here, the values of H are much larger than the critical value. In the cool adiabatic case, A= 1.5, for which the sonic point is always unique for any given angular momentum. Therefore, for the adiabatic flows investigated here, the sonic points and the transonic solutions are always unique.
In the isothermal cases, we can follow a similar route to find, analytically, the X,-l relations, with the square of sound speed (B =constant) as a parameter. ForB< Be= 0.017 548, there exists a range of angular momenta l, in which there are three critical points. In this case, we use l'Hopital's principle to evaluate the value of N / D at the critical points. It is found that, at the middle sonic point, N/D has a complex value, which is unphysical. At the other two points, N/D has two real values at each location. One of the X-derivatives of u is negative, which corresponds to the accretion flow. We may use the information obtained here to start the numerical integration from a point very close to the critical point. We use this method only in discussing some special properties. In most of the numerical simulations, we zero in to the transonic solution by integrating the ODE from X 0 to X= 2.
RESULTS
Hot accretion flows
For hot discs, (Te + Ti)o -10 1 L10 13 K or A 0 = 10-z to 1, A= 1.5-3, andy= 1 in the isothermal case or y=(A + 1)/A if the gas is adiabatic. The boundary conditions are assumed values of u 0 at X0 large, say X 0 = 200, and for a given angular momentum l. As we mentioned before, for each given value of l, there is only one value of u 0 from which the transonic solution can be obtained. In other words, there is a functional relation between u 0 and l, say u 0 = f(l), and, by satisfying this, one may find the transonic solution from subsonic to supersonic. The relation f{l) is implicitly given by the solutions and the critical conditions D = N = 0. In practice, we first assume a value of l and then search for u 0 , such that the solution is transonic from subsonic to supersonic. We assume here the hottest possible discs, ( Te + TJ 0 -10 13 K, A 0 = 1, A=3, andy= 1 (isothermal) or y=4/3 (adiabatic). Fig. 2 shows the u-distribution in the X-l plane for the isothermal case. For all ranges of l, u is a monotonic function of X. The crosses denote the sonic points, X, for each l value. It is found that the locations of the sonic points, and the corresponding velocities at the sonic points, are not very sensitive to the value of angular momentum. They are all located close to the black hole boundary (X,-3-4 ). Since the initial values of the state variables at X 0 = 200 are the same, the accretion rate ( n 0 u 0 X6) is proportional to the velocity u0 • Accordingly, Fig. 2 shows that the accretion rate decreases with the angular momentum as is physically expected.
The results for the adiabatic case are shown in Fig. 3 . The u-X-l relations are qualitatively the same as those in the isothermal case. The variations of X, and the accretion rate with l follow the same trend in both isothermal and adiabatic situations, but their rates are quantitatively different. As the angular momentum increases, the location of the sonic point moves toward the event horizon. Roughly speaking, the distance between the black hole and the sonic locations decreases more rapidly in the isothermal case than in the adiabatic case. In other words, the locations of the sonic Transonic inviscid disc flows in the Schwarzschild metric 931 points are more sensitive to the value of the angular momentum in the isothermal case than they are in the adiabatic case.
It is easy to find, from equation (21), that v -1/X for large X. The numerical solutions demonstrate that the approximation is also valid for other ranges of X. For this reason, the v-1-X relations are trivial and the corresponding numerical results are not shown here.
An interesting phenomenon is the dependence of the accretion rate on I, which is plotted in Fig. 4 . Here we use R 0 == u 0 X5 to represent the accretion rate when n 0 is taken as a constant for different /-values. The dashed curve represents the isothermal case ( y = 1 ), while the solid curve corresponds to the adiabatic case (y= 4/3). When /=0, the value of R 0 in the isothermal case is larger than that in the corresponding adiabatic case. As I increases, the value of R 0 decreases more quickly in the isothermal case than it does in the adiabatic case. At one value of I (I= 3. 72 ), the value of R 0 in the two cases becomes the same. When I is higher than this value, the accretion rate in the adiabatic case is slightly greater than that in the isothermal case. This result agrees with the temperature distribution, as we will discuss below.
The major difference between the isothermal case and the adiabatic case is, of course, that the temperature in the adiabatic condition is no longer a constant. The T-X -I relation in this case is presented in Fig. 5 , where we define T==(T.+~)/(T.+Ti) 0 • First, we find that Tis close to a constant near X 0 = 200. This justifies the statement that, when X 0 is sufficiently large, the flow beyond it is approximately Newtonian. The temperature increases initially when the gas moves towards the black hole. This trend changes in specific form according to the values of the angular momentum. The temperature keeps increasing for small angular momentum (I< 3.2) but begins decreasing for larger /-values, starting at X= 10. For even larger values of/(> 3.7), the decrease is so rapid that T is less than unity close to the event horizon. Since nr-I oc ( T. + Ti), for cases with small /, we can say that u and n increase as X decreases. solutions with large /, the increase of u is so large that n must decrease to satisfy the continuity condition ( nuX 2 = constant). In other words (from the overall conservation of energy), the gravitational potential energy is transformed to bulk kinetic energy and heat for small-/ cases as the gas moves close to the black hole. For large-/ cases, near the black hole, the increase in kinetic energy is so rapid that the loss of the potential energy alone is not large enough. The gas would become cooler or lose heat energy in order to compensate for the increase in kinetic energy. Due to this effect, the gas is easier to accrete on to the black hole in the adiabatic case than in the isothermal case for high values of the angular momentum. As previously mentioned, the sonic points could be calculated analytically, based on the exact solutions ( 12) and ( 14 ).
From these solutions, the special values x. and u 0 could be calculated with an assumed initial X 0 -value. Table 1 gives the comparisons of the numerical results with the exact solutions for the I= 0 case. The errors for both the sonic point locations X. and the boundary values u 0 are very small. These can be considered as providing confirmation of the numerical programs, and we conclude that these results verify the validity of our numerical solutions.
The values of !:!. defined in Section 2.2 can be estimated after the numerical solution is known. It is found that, at the same location X 0 , the value of!:!. takes its maximum when I= 0, and in the isothermal case. For this reason, we choose the !!.-value under isothermal conditions and with I= 0, to judge the validity of the assumed value of X 0 • For the hot disc discussed here, !:!. is found to be less than 0.5 per cent at X 0 = 200. Therefore we say that X 0 = 200 is sufficiently large {beyond that value the solution is close enough to the Newtonian solution) for studying the problems given here.
We have made a comparison between the critical accretion rate and the accretion rate obtained here under certain circumstances ( n"' -10 9 em-3 for supermassive black holes and 10 16 cm-3 for stellar black holes). The ratio of M/MEdd obtained is about 1 per cent, a reasonable value.
Single-temperature accretion flows
After studying the hot disc accretion, it is natural to do a similar study for cooler discs, where ( T. + TJ 0 -10 9 K, and A 0 -10-4 • In this case, the parameter A. is 3/2, y = 1 in the isothermal condition and y= 5/3 in the adiabatic condition.
It can then be shown that x.-A 0 1 in the isothermal condition, and a much larger spatial range must be covered in the numerical computation than was previously done for the hot disc accretion.
In a specific example solved here, the parameter A 0 is set to be 2 x 10-4 , corresponding to ( T. + Ti)o-2 x 10 9 K. If the electrons and protons are in thermal equilibrium, it is generally expected that the electrons will cool the disc to -1 0 9 K. Higher values of T. would result in catastrophic e + e-pair production (Kusunose & Takahara 1985) . Hence cooler discs, for which Ti-T., are in general physically allowed cases if T. -10 9 K (Novikov & Thome 1973) . The boundary is chosen at X 0 = 5000, at which point the estimate on !:!. is about 0.013 (I= 0 and y = 1 ). It may not actually be possible to sustain 10 9 -K temperatures out to that distance (Novikov & Thome 1973 ), but we proceed as if this was possible in order to analyse the numerical results for finding the sonic point, which may lie at a location far away from the black holes and, therefore, outside a physical accretion disc. Fig. 6 shows the u-X-1 relations for the transonic solutions in the adiabatic case. As a whole, this flow is qualitatively the same as that in the hot adiabatic condition. One significant difference is the order of the sonic points and their dependence on I. In the cool case, the sonic point location X, decreases from about 54, when /=0, to 4, when I approaches 4. Moreover, the value of u at the sonic point, u, varies in a non-monotonic way as I increases. Initially, it increases with I for small values of I, and then it decreases for large values of I. By contrast, in the hot disc, u, decreases always with increasing values of I. Fig. 7 shows the u-X-1 relations in the isothermal case. It is noted that the behaviour of the radial velocity is similar to that in the hot disc case at small values of I (I< 3 ). In this range of I, the locations of the sonic points are very far away from the black hole, and their velocities at these points are almost constant. Since X, is relatively large, ( 1 -2 f X) -1, the
In the isothermal case, y= 1, equation (11) exactly the same as those obtained from the numerical solutions to three-digit accuracy. It should be pointed out that this estimate is possible only when X, is known to be large. For flows with larger /-values, u is no longer a monotonic function of X. The explanation for this is as follows: for the cooler disc case, the values of A 0 and consequently the values of B are very small. According to equation (7), the dependence on the v-value is very important in evaluating N in this condition. As shown in Fig. 1 , the supersonic part of the transonic solution is achieved under conditions D > 0, N < 0 and dufdX < 0. Since the value of v rises as the gas accretes on to the black hole, as implied by equation (21), at some point, the value of v becomes so large that the value of N increases to zero from a negative value near the sonic point. A further increase of the v-values makes the values of du/dX positive. As a consequence, the value of u drops as X decreases. Other terms in N will make N become negative again for some smaller X. The effect of N is demonstrated in http://mnras.oxfordjournals.org/
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Transonic inviscid disc flows in the Schwarzschild metric 933 Figure 6 . The u-X-1 relation of the transonic solutions in adiabatic cold-disc accretion flow, with parameters A 0 =0.0002, y = 5/3 and A.= 1.5. Fig. 8 , which is similar to the flow pattern in Fig. 1 . Here, only the transonic solutions are plotted. The corresponding angular momentum has values l = 3.60 and l = 3.985, respectively. The dot-dashed line represents the D = 0 curve, which is independent of l. The N = 0 curves are plotted by the dotted line (l= 3.60) and the dashed line (l= 3.985 ). This figure clearly shows that the curve of N = 0 has a local valley, and that the depth of the valley increases with the angular momentum. When the transonic solutions are located in the valley, du/dX> 0, since N> 0 and D> 0. That is why the u-X solution is not monotonic in this region. For large /-values, this valley is so deep that the N = 0 curve will touch the D = 0 curve at two more points. As a matter of fact, in this special situation, the sonic point is not unique. We will study the case of multiple sonic points in detail in the next section.
Once again, we calculate analytically the values X, and u 0 for the l = 0 case and compare the result with the numerical solution. Table 2 lists the values we obtained from both numerical and analytical solutions. The relative errors of the numerical solution are, again, very small.
Compared with the hot disc accretion, the assumption of thermodynamic conditions, isothermal or adiabatic, has a strong effect on the location of the sonic point in a cool disc.
The distance between the sonic point and the event horizon in the isothermal case is two orders of magnitude larger than the corresponding distance in the adiabatic case when l is small.
Unique transonic solution with multiple sonic points
As stated earlier, when B <Be, there is a range of lin which there exist two possible sonic points. We will call them the inner sonic point and the outer sonic point, according to their distances from the black hole. In order to investigate clearly the accretion flow in the case of multiple sonic points, we choose A 0 =0.006 (B=0.005 9113), which corresponds to ( ~ + TJ 0 -6 x 1 0 10 K, since the special properties are easily studied for this parameter.
With the known possibility of multiple sonic points, we still use the zeroing, or shooting, method to search the transonic solutions, starting from X 0 = 200. In this case, we only want to study the effect of multiplicity of sonic points, and no estimate of ~ is given. The result is shown in Fig. 9 by the u-X -I relation. From the previous work, the multiplicity of /, /M, which separates the monotonic u-X relation and non-monotonic u-X relation due to the change of sign of N, when l crosses /M, as described in the last section. The 1M-value found here is about 2. When l </A, the transonic flow passes the unique sonic point and the u-X relation is monotonic for l< /M but non-monotonic for l> IM. When l is slightly higher than /A, the transonic solution passes the outer sonic point with a stronger non-monotonic effect between u and X. The region with decreasing u becomes larger, and the local minimum u becomes smaller, as l increases. This process can continue until l reaches a critical angular momentum lc, at which the local minimum of u takes place at the inner sonic point. In this special situation, the transonic solution can pass both the outer and the inner sonic points. When l> lc, the transonic solution passes only the inner sonic point. The non-monotonic part of the u-X relation is in the subsonic region. In other words, when l continuously varies across lc, the sonic point reached by the transonic solutions has a jump between the outer sonic point and the inner sonic point. The theoretical value for lc is found to be 3.7677. The two close solutions that show the jump of sonic points in Fig. 9 have /-values of 3.767 and 3.769, respectively.
Although the sonic point jumps as l increases, to cross a special value lc, the accretion rate ( oc u 0 ) is continuous, as shown in Fig. 9 . Moreover, when the flow passes the outer Transonic inviscid disc flows in the Schwarzschild metric 935 sonic point, the accretion rate remains almost constant. When the solution passes the inner sonic point at a high · angular momentum, however, the accretion rate decreases very quickly with I. H we assume that the solution passing the inner sonic point and the solution passing the outer one are two different branches of the transonic solutions, our numerical shooting method automatically chooses a solution with lower accretion rate, as proved by Lu & Abramowicz (1988) , in the adiabatic case. H we use the energy E, defined by equation ( 19 ), instead of the accretion rate, it is found that the unique solution corresponds to the branch of higher energy. In order to prove that the solutions shown in Fig. 9 are unique, we use the N I D values from the theoretical analysis to start the numerical integration from the sonic points. That is, for I< lc, we start from the vicinity of the inner sonic point and integrate outwards; for I> lc, we start from the vicinity of the outer one and march inwards. In both cases, the numerical integration cannot continue at some points, either because u decreases to infinitesimal values or because the singularity is reached (D =0, N¥-0). This result suggests that the solutions passing the inner sonic point when I< lc, and the solutions passing the outer one with I> lc, do not exist for a realistic accretion since it requires that the solutions hold for all ranges of X, from the event horizon to infinity. The accretion flow has a unique transonic solution even though the possible sonic points are multiple.
It should be pointed out that the above discussion is valid for shock-free solutions. A transonic solution may pass both sonic points with a shock between them ( Chakrabarti 1990; Yang & Kafatos 1994, in preparation) . Chakrabarti & Wiita (1992) have studied the spectra of a specific AGN, based on the standing shock assumption in accretion discs, and found improved agreement. It is expected that, without shocks, the velocity profile shown in Fig. 7 may also improve the spectral estimate, since the drop in the velocity may have a similar effect to the drop resulting from shocks.
Limits on angular momentum
It is obvious that the accretion rate decreases with the angular momentum in all cases, although the dependence may be weak in one circumstance and strong in another. When the angular momentum is large enough, the accretion cannot be sustained, since the centrifugal force and gravity would balance each other at some location.
By setting u = 0 at the sonic point, and X,> 3, we find that, in adiabatic flows, the upper limit of an~lar momentum l~=XU(X,-2)2, with X,=(3fl2 -4 +HhH -8)/2(fl2 -1). Here H, the enthalpy at infinity, is a constant determined by equation (20) . This gives a relationship between l and H, which describes the limitation on angular momentum for given H in accretion flows. The result is shown in Fig. 10 . There are two special limiting values of /: when H--> oo, a very hot disc, X,__. 3 and /~ __. 27; when H--> 1, a very cold disc, X,__, 4 and/~__. 16.
The analytical result can be tested by the numerical simulation. In the hot adiabatic case, the theoretical value is l" = 5.16, while our numerical integration can find a transonic solution to a /-value as high as 5.12. In the cool disc case, lu is found to be 4.00 analytically, while the numerical integration can be run at an angular momentum as high as 3.95. The crosses in the figure denote the upper limits of l found by the numerical shootings.
For isothermal flows, the (uX 2 J-2 B term in equation (19) prohibits us from doing the same analysis as in the adiabatic case. Our numerical integrations can go as high as/= 5.17 in the hot isothermal disc (A 0 = 1.0), and l= 3.985 in cool conditions (A 0 = 0.0002 ). It seems that the difference between the isothermal condition and the adiabatic condition on providing upper limits to l is not large. It should be noted, however, that /= 5.17 in the isothermal situation, as obtained from the numerical simulation, is higher than the theoretical value in the adiabatic case. There must be some differences between these two situations. For realistic astrophysical conditions, such as capture of material in a binary orbit for stellar black holes (say with M -10 M 0 and orbital periods less than a day), or capture from an interstellar cloud at a capture radius (Shapiro 1973 ) with characteristic speeds -300 km s-1 appropriate for galactic orbital velocities, we find that l = vX]"' is several orders of magnitude higher than 6 the limits found here. The gas has too much angular momentum at r--> oo to be directly captured, and at least two orders of magnitude of reduction needs to take place. A more appropriate value of l far away can be obtained if one assumes Keplerian motions for which /K = fX. In that case a reduction by a factor of a few (if X= 200) is needed in order to reach the limits formed here. This would, of course, happen if viscosity were present, a factor which has been ignored in the present treatment.
Comparison with the slim discs
The model studied here is compared with the slim disc model , as listed in Table 3 , in which the standard disc model is included as a reference. The slim disc model works for a disc that has h/r~ 1, and resolves the vertical structure. The model used in this work focuses on a wedge of h/r=constant«1 (fJ""-rc/2), and therefore it cannot describe the vertical structure. The viscosity is considered in the slim disc by using rrpr=-aP, but here the flow is assumed inviscid. As a result, the angular momentum is conservative in our model but it is not conservative in the slim disc. Moreover, the angular momentum distribution in the slim disc is different from the Keplerian distribution used in the standard thin disc. In the disc models with viscosity (both the standard and the slim discs), the high angular momentum at infinity results in v rp » c, and v R « c, at infinity. In our model, a relatively small angular momentum is given, and therefore only v R « c, is required at infinity. The angular momentum in our model may be too small to form accretion discs in certain circumstances, such as the cool isothermal accretion flows passing through the outer sonic points described before. In this case, the transonic flows correspond to the spherical accretion flows. The accretion rate for the slim disc is about the same as the Eddington accretion rate. Our model would simulate the case of M/MEdd « 1. When the ratio M/MEdd is small in the slim disc, one would find that hjr« 1, as shown by fig. 8 of Abramowicz et al. (1988) .
SUMMARY
The accretion flow along the equatorial plane in thin disc flows has been studied both analytically and numerically. The value of the specific angular momentum of the gas, l, has an upper limit in the accretion process. The accretion rate achieves, of course, a maximum value when the angular momentum of the accreting gas is zero. The rate decreases with increasing /-values. In the case of cool isothermal ac- Transonic inviscid disc flows in the Schwarzschild metric 937 cretion, there exist two possible sonic points. The physical accretion flow passing through one of the two points is unique, depending on the value of angular momentum. When the angular momentum varies across the critical point lc, the flow pattern undergoes a dramatic change, since the transonic solution jumps from the solution associated with one sonic point to the solution associated with the other sonic point. The accretion rate changes continuously across that point, but the variation of the accretion rate with I is much larger for I> lc than that for I< lc. Single sonic points are found for the other cases examined here, which may be more realistic for the real astrophysical scenario. In subsequent papers, we will examine the effect of motions off the orbital plane as well as a full Kerr metric.
